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Motivated by the recent work of QED3-Chern-Simons quantum critical points of fractional Chern
insulators (Phys. Rev. X 8, 031015, (2018)), we study its non-Abelian generalizations, namely
QCD3-Chern-Simons quantum phase transitions of fractional Chern insulators. These phase tran-
sitions are described by Dirac fermions interacting with non-Abelian Chern-Simons gauge fields
(U(N), SU(N), USp(N), etc.). Utilizing the level-rank duality of Chern-Simons gauge theory and
non-Abelian parton constructions, we discuss two types of QCD3 quantum phase transitions. The
first type happens between two Abelian states in different Jain sequences, as opposed to the QED3
transitions between Abelian states in the same Jain sequence. A good example is the transition
between σxy = 1/3 state and σxy = −1 state, which has Nf = 2 Dirac fermions interacting with a
U(2) Chern-Simons gauge field. The second type is naturally involving non-Abelian states. For the
sake of experimental feasibility, we focus on transitions of Pfaffian-like states, including the Moore-
Read Pfaffian, anti-Pfaffian, particle-hole Pfaffian, etc. These quantum phase transitions could be
realized in experimental systems such as fractional Chern insulators in graphene heterostructures.
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I. Introduction
Understanding phases and phase transitions is the
key of condensed matter research. A cornerstone of
the modern condensed matter research is the discov-
ery and understanding of integer and fractional quan-
tum Hall phases (IQHs and FQHs) [1–3], which in-
spires lots of interesting concepts, i.e., topological or-
der, fractionalization, emergent gauge fields, in last few
decades [4, 5]. Given the exotic properties of quantum
Hall (QH) phases, it is very natural to expect that
phases transitions of QH phases will also be strikingly
different from conventional phase transitions.
In early days experimental relevant phase transitions
of QHs would necessarily involve disorder, making it
very challenging to study [6–10]. The recent exper-
imentally advances on integer and fractional Chern
insulators (ICIs and FCIs) in graphene heterostruc-
tures [11–13] brought disorder free QH phase transi-
tions within reach [14]. These Chern insulators (CIs)
are nothing but QH phases in the presence of peri-
odic lattice potential. The lattice potential not only
plays the role of disorder that stabilizes QH phases,
ar
X
iv
:2
00
3.
05
95
4v
1 
 [c
on
d-
ma
t.s
tr-
el]
  1
2 M
ar 
20
20
2but also provides extra lattice symmetries that enable
new types of phase transitions [14–18].
A recent work [14] by one of us has shown that,
the phase transitions between any two Abelian QH
states in the same Jain sequence [19] are described
by the QED3-Chern-Simons theory, namely Nf flavors
of Dirac fermions interact through an emergent U(1)
gauge theory at Chern-Simons level K. These crit-
ical theories will flow to 3D conformal field theories
(CFTs), and their properties depend on the values of
Nf and K. This family of critical theories have re-
cently generated a surge of interest from both the con-
densed matter and high energy community due to the
duality conjectures (see a review [20]). Some of these
theories may have applications to other long-standing
condensed matter problem, including spin liquids in
frustrated magnetism [21–26], high temperature super-
conductivity [27] as well as deconfined phase transi-
tions [28–31]. Given its interesting properties and wide
applications, there has been a large theoretical effort
to study the properties of this family of critical the-
ory [32–38], but its precise properties at small Nf and
K remain an open issue due to its strongly interact-
ing nature. This makes its experimental exploration
exciting, in particular the entire family of the QED3-
Chern-Simons theory (with any combination of Nf and
K) is accessible experimentally at the phase transitions
of QH/CI phases.
Motivated by the progress on the QED3-Chern-
Simons universality class of the QH/CI transitions,
here we go one step further to think about phase tran-
sitions described by the QCD3-Chern-Simons theory
with emergent non-Abelian gauge fields. Similar to
its QED3 cousin, the QCD3-Chern-Simons theory also
have interesting properties such as duality [39] and gen-
erates considerable interest in past [40–47]. In this
paper, we mainly focus on two types of such phase
transitions that can be understood using non-Abelian
parton constructions [48]. One type is the phase tran-
sitions involving non-Abelian FQH/FCI states [48–54],
at which non-Abelian gauge field naturally emerges.
The other type is a bit more surprising as it happens
between two Abelian states in different Jain sequences,
as opposed to the QED3-Chern-Simons critical points
between Abelian states in the same Jain sequence.
The rest of the paper is organized as follows. In
Section II, we first review some previous works and
terminologies that are useful for our discussion. In
particular, we will discuss the condensed matter ap-
plication of level-rank duality [39], and clarify its dif-
ference from the usual high-energy literature. Then
in Section III, we discuss the QCD3-Chern-Simons
transitions between Abelian states in different Jain
sequences. One example is the transition between
σxy = 1/3 FQH/FCI state and σxy = −1 IQH/ICI
state, which has Nf = 2 Dirac fermions coupled to
a U(2) Chern-Simons gauge field. In the next two
sections we turn to study non-Abelian states, in par-
ticular we focus the Pfaffian-like states (e.g. Moore-
Read Pfaffian [49], anti-Pfaffian [55, 56], etc.) that are
close to experimental realizations [57–61]. In Section
IV we provide parton constructions for these Pfaffian-
like states, which are important building blocks for the
following analysis on their phase transitions. Some
of these constructions are known, but they are scat-
tered in different papers [46, 48, 51, 53, 62]. In Section
V we discuss the QCD3-Chern-Simons transitions of
these Pfaffian-like states. Finally, we summarize our
results and discuss some future directions in Section
VI. The appendices contain various technical details re-
garding non-Abelian Chern-Simons descriptions of sev-
eral Pfaffian-like states.
II. Review of previous work
A. Chern number changing transitions of free
fermion
We start by briefly reviewing transitions between
ICIs at fixed electron density and flux, since they are
the building block of the later discussion. As will be
clear later, the fractionalized transitions can be formu-
lated as the Chern number changing transitions of com-
posite fermions or fermionic partons. Throughout our
discussion we use the unit in which the area of unit cell
is a2 = 1 and e
2
~ = 1, so that the Dirac flux quantum is
φ0 = 2pi and the fundamental conductance is
e2
h =
1
2pi .
However we will express the value of σxy in units of e
2
h
so that the 2pi factor can be omitted. The total Chern
number of a free fermion insulator, which is equal to its
Hall conductance, can be obtained by summing up the
Chern numbers of occupied bands, and Chern number
changing transitions arise from gap-closings in the un-
derlying band structures. As a parameter such as the
strength of the lattice potential changes, the conduc-
tance and valence bands may touch and Chern number
is transferred between them. The transfer of Chern
number ∆C between the two is mediated by the for-
mation of |∆C| Dirac cones. For a transition between
two phases with Chern number C1 and C2 respectively,
the effective theory of the critical point is
L =
∆C∑
I=1
ψ¯I(i∂/+A/−m)ψI + C¯
4pi
AdA, (1)
where ∆C = C2 − C1 and C¯ = (C1 + C2)/2. Here A
is the background electromagnetic field, measured rela-
tive to the original flux. AdA is the short hand notation
for the Chern-Simons term A ∧ dA (or εµνρAµ∂νAρ).
A is also referred as the probe field, as it can serve as
a theoretical device to probe physical properties of the
field theory such as Hall response and symmetry prop-
erties. The mass m is a phenomenological parameter
whose physical meaning is the band gap. Integrating
3out the fermions when m is finite, we obtain
L = (C¯ + 1
2
sgn(m)∆C)
1
4pi
AdA, (2)
where sgn(m) = m/|m|. We can see that this effective
theory produces the desired response on either side of
the transition.
It is worth noting that if ∆C is larger than 1, it
generically requires to tune more than one parameters
(i.e. masses of different Dirac fermions). Such fine-
tuning can be simply avoided in the presence of lat-
tice symmetry [14, 15]. In particular, it was shown
that the magnetic translation symmetry can protect
Chern number changing by an arbitrary number [14].
Specifically, if the fermion sees a flux p/q per unit cell
(with p, q being co-prime) the Chern number chang-
ing of fermions is enforced to be |∆C| = q. In the
rest of paper, we will always assume the Chern number
changing with an arbitrary ∆C is protected by lattice
symmetries.
B. Level-rank duality: gauge field versus spin
gauge field
Next we will briefly review the level-rank duality [39]
as well several terminologies that will be substantially
used in the rest of the paper.
When we are using the Chern-Simons theory to de-
scribe a topological order, it is very important to dis-
tinguish a spin gauge field from a normal gauge field:
the former refers to the dynamical gauge field coupled
to fermions, while the latter refers to dynamical gauge
field coupled to bosons. 1 Throughout this paper we
are using a superscript s to denote the spin gauge field
(e.g. U(1)s, SU(2)s). Aslo we denote spin gauge fields
by Greek symbols (α, β, · · · ), normal gauge fields are
labeled by Latin letters (a, b, · · · ), and probe (back-
ground) fields are labeled by capital letters (A,B, · · · ).
Physically the difference between a spin gauge field
and a gauge field comes from the subtlety that the
fermions (that the spin gauge field couples to) will con-
tribute a nontrivial sign factor to fractional statics of
certain anyons. The simplest example to appreciate
this is to consider the Kalmeyer-Laughlin chiral spin
liquid (i.e. 1/2 Laughlin state of bosons) [63]. The
well known effective theory (also called K−matrix for-
malism [4]) of this state is U(1)2,
L = − 2
4pi
bdb+
1
2pi
Bdb. (3)
The anynon in the above theory is semion, exchanging
of which yields a phase factor i. To get the response of
1 If we put the system on a spinc manifold, the spin gauge fields
should be understood as spinc connections.
the theory one can integrate gauge field b,
Lresponse = 1
8pi
BdB + CSg. (4)
The first term gives the σxy = 1/2 electric Hall conduc-
tance, while the last term gives the κxy = 1 thermal
Hall conductance. Note that CSg is the gravitational
Chern-Simons term [64, 65], which physically corre-
sponds to the thermal Hall conductance. The coeffi-
cient of gravitational Chern Simons term characterizes
thermal Hall conductance in units of (pi/6)(k2BT/~).
It is also known that one can use fermionic par-
ton approach to construct the Kalmeyer-Laughlin chi-
ral spin liquid. We first start with a parton decom-
position that fractionalizes a spin−1/2, ~S = f†~σf/2,
f† = (f†↑ , f
†
↓), and the Kalmeyer-Laughlin chiral spin
liquid is realized by putting each parton f↑,↓ on a C = 1
band. One can notice that there is a U(1) gauge invari-
ance (maximally there is a SU(2) gauge invariance),
so we can introduce a dynamical U(1) “gauge field”
α. After integrating out gapped fermionic partons we
have,
L = 2
4pi
αdα+
1
8pi
BdB + 2CSg. (5)
Further integrating out α, the above theory yields the
same response (σxy = 1/2, κxy = 1) as the Kalmeyer-
Laughlin chiral spin liquid. However, there seems to
have an apparent discrepancy between Eq. (3) and
Eq. (5) as their Chern-Simons levels are opposite.
Naively one may conclude that Eq. (5) has anti-semion,
exchanging of which yields a phase factor −i. The way
to reconcile the inconsistency is to realize that α in
Eq. (5) is a spin gauge field that couples to fermions,
while b in Eq. (3) is a gauge field couples to bosons.
The coupling with fermions will give an extra sign to
the fractional statistics of anyons, which converts the
anti-semion to semion. Indeed the equivalence between
Eq. (3) and Eq. (5) is nothing but a known statement,
namely the duality between U(1)2 and U(1)−2 [39].
We remark that in Ref. [39] and many other literature
the duality between U(1)2 and U(1)−2 is achieved by
adding a local fermion to both sides of Lagrangian. In
the condensed matter context it is more physical to use
another version of the duality, namely we have gauge
fields on the one side but spin gauge fields on the other
side, abstractly written as U(1)2 ∼= U(1)s−2.
A formal and systematic approach to understand the
relation between spin gauge fields and gauge fields is
to use the level-rank (or more generally boson-fermion)
duality of TQFTs [39, 66]. Throughout the paper, we
will heavily rely on the level-rank duality to study par-
ton constructions and phase transitions of FCIs/FQHs.
Before closing this section, we will discuss an example
of a non-Abelian state to show the power of level-rank
duality.
Again let us start with the familiar parton construc-
tion, ~S = f†~σf/2, f† = (f†↑ , f
†
↓), and we keep the
4maximal SU(2) gauge invariance in our construction.
A topologically ordered state is realized by having f↑,↓
in a C = k band. To figure out the concrete topolog-
ical order, we can integrate out the fermions, yielding
a Chern-Simons theory SU(2)s−k,
k
4pi
Tr(αdα+
2
3
α3) + 2kCSg +
k
8pi
BdB. (6)
Here α is a SU(2) spin gauge field. We emphasize
again that the usual terminology of the Chern-Simons
description of a topological order is to use the gauge
field rather than the spin gauge field. So we can further
use the level-rank duality,
SU(2)s−k ∼= U(k)2, (7)
to convert Eq. (6) into a Chern-Simons theory in terms
of a U(k) gauge field, a,
− 2
4pi
Tr(ada+
2
3
a3) +
1
2pi
Bd(Tra). (8)
Now we are ready to read out the topological order
of this parton construction. For example, k = 1 re-
duces to the previously discussed example, the bosonic
ν = 1/2 Laughlin described by the U(1)2 Chern-
Simons theory. When k = 2 [48], we have the U(2)2
topological order. We note that in some literature it
was mistaken that the k = 2 parton construction gives
the SU(2)2 topological order (also called bosonic Pfaf-
fian).
C. QED3-Chern-Simons universality and its
parton construction
The quantum phase transition between Jain se-
quence state σxy = C1/(kC1+1) and σ
xy = C2/(kC2+
1) is described by the QED3-Chern-Simons theory [14],
L =
|C2−C1|∑
I=1
ψ¯I(i∂/+ α/+A/−m)ψI − k
4pi
bdb− 1
2pi
bdα
+
C1 + C2
8pi
(α+A)d(α+A) +
C1 + C2
2
CSg. (9)
Here αµ and bµ are dynamical U(1) gauge fields, Aµ is
the U(1) background field (e.g. electromagnetic field if
we consider electrons). k is an odd integer if one con-
siders Jain sequence state of bosons, while k is an even
integer if one considers Jain sequence state of fermions.
The dynamical gauge field bµ comes from the Chern-
Simons flux attachment for composite fermions. In
many literatures, bµ is integrated out, which yields a
Chern-Simons term 1/4kpiαdα.
This new family of QED3-Chern-Simons quantum
critical points was previously studied using the lan-
guage of composite fermions, here we will reformulate
it using the parton construction that is useful for the
rest of this paper. We consider a parton construction
that fractionalizes a particle c into c = ϕf . Here f is
fermionic, while ϕ is fermionic or bosonic depending
on whether c is a fermion or a boson. Jain compos-
ite fermion state σxy = C/(kC + 1) is realized by the
mean field ansatz that ϕ is in a 1/k Laughlin state (k
is even or odd if ϕ is bosonic or fermionic), and f is in
an integer quantum Hall state with Chern number C.
One could recognize that the parton ϕ implements the
Chern-Simons flux attachment, while fermionic parton
f can be viewed as the composite fermion. The phase
transition between two Jain sequence states can be for-
mulated as the Chern number changing transition of f
parton.
D. Possible experimental realization
The theory of phase transition discussed above (and
below) generally applies to many systems. An ideal
system for it as well as the QCD3-Chern-Simon quan-
tum phase transitions addressed later is the graphene
heterostructures with a magnetic field and superlat-
tice potential (e.g. a moire lattice) [11–13]. This ex-
perimental system can be modeled as Landau levels
subject to a weak superlattice potential. In specific,
we consider the regime that the cyclotron gap between
Landau levels is much larger than the superlattice po-
tential strength. In this regime each Landau level splits
into sub-bands, and CIs are realized by completely or
partially filling some of these sub-bands. The transi-
tions between different FQHs and ICIs/FCIs can be
achieved by tuning the lattice potential (e.g. poten-
tial strength). Below we discuss a concrete example,
namely a phase transition between the σxy = 13 FQH
state and σxy = 1 ICI [14].
A general form of superlattice potential can be writ-
ten as,
µ(r) = U0
∫
dr
∑
m
(Vme
ir·Gmnr + h.c.), (10)
where Gm are reciprocal vectors of the superlattice.
A square lattice potential, for example, has G1 =
2pi
a (1, 0), G2 =
2pi
a (0, 1), G3 =
2pi
a (1, 1), G4 =
2pi
a (1,−1), and V1 = V2, V3 = V4, where a is the lat-
tice constant. We consider flux density φ = 32 (in units
of Dirac flux quanta) and electron density n = 12 per
unit cell of the superlattice. Without the superlattice
potential, the lowest Landau level (LLL) is 1/3 filled
yielding the ν = 1/3 FQH state. Once the superlattice
potential is implemented, the LLL splits into three sub-
bands, with a band gap ∆ ∝ UL. In the limit of strong
lattice potential (i.e. potential strength much larger
than the interaction strength), the lowest sub-band will
be completely filled realizing a ICI state. The Chern
number will depend on the form of lattice potential.
For example, if we take V1 = V2 = 1, V3 = V4 = 2.4,
5(a)
(b)
FIG. 1: The band structure of the LLL subject to a
weak lattice potential with the form in Eq. (10). (a)
V1 = V2 = 1, V3 = V4 = 2.4. The Chern number of
the three bands are C = 1, 1,−1. (b) V1 = V2 = 1,
V3 = V4 = −2.4. The Chern number of the three
bands are C = −1, 1, 1.
the lowest band will have C = 1 (see Fig. 1 for detailed
band structure). As one tunes the amplitude of the su-
perlattice potential, a phase transition can be realized
between σxy = 13 state and σ
xy = 1 state. The criti-
cal theory is described by Eq. (9), in which C1 = 1,
C2 = −1 and k = 2.
An interesting question is what will happen if we
swap the order the the three subbands such that the
lowest one has Chern number C = −1. This can be
achieved by reversing the sign of the lattice potential
strength used above, as shown in Fig. 1. Now one
obtains a transition between ν = 13 FQH state and
C = −1 ICI state. This transition does not belong to
the previously introduced QED3-Chern-Simons univer-
sality. Instead, an non-Abelian gauge field will emerge
at the quantum critical point as we will discuss in the
next section.
III. Emergent QCD3 between Abelian states
A. Transition between σxy = 1/3 state and
σxy = −1 state
σxy = 1/3 and σxy = −1 state belong to different
Jain sequences (σxy = C/(kC + 1)): the former has
k = 2, C = 1 while the latter has k = −2, C = 1. Hence
their transition falls beyond the QED3-Chern-Simons
universality. Below we show that their transition can
be naturally captured by a QCD3-Chern-Simons the-
ory.
We fractionalize a spinless electron operator into
three fermionic partons
c = ff1f2. (11)
The σxy = 1/3 state is realized by a mean-field ansatz
that all the fermionic partons are in a C = 1 band (or
Landau level), while the σxy = −1 state is realized by
a mean-field ansatz that f is in a C = 1 band and f1,2
are in a C = −1 band, respectively. The transition
between these two states can be described by tuning
the Chern number of f1,2 from C = 1 to C = −1.
For each fermionic parton we can use lattice symme-
tries (eg. magentic translation symmetry) to protect
a Chern number transition with ∆C = 2. However,
there is no global symmetry that can force f1 and f2
to change their Chern number simultaneously. In other
words, in a naive setup this phase transition cannot be
a direct phase transition.
It turns out that the emergent non-Abelian gauge
symmetry can help to realize a direct phase tran-
sition. The parton construction (Eq. (11)) has a
maximal SU(3) gauge symmetry, (f, f1, f2) forms a
SU(3) fundamental. This SU(3) gauge structure can
be kept in the σxy = 1/3 state, while it is broken
down (the maximally remaining gauge symmetry is
U(2) = SU(2) × U(1)/Z2) in the σxy = −1 state. We
can enforce the emergent gauge symmetry is U(2), for
which (f1, f2) is a U(2) fundamental, while the f par-
ton is charged under the diagonal U(1) of the U(2)
gauge symmetry. The f1 and f2 partons are now re-
lated by the U(2) gauge rotation, hence their Chern
number has to change simultaneously. The critical the-
ory is described by an effective Lagrangian:
L =
2∑
I=1
ψ¯I(i∂/+ α/−m)ψI
+
1
4pi
(A− Tr(α))d(A− Tr(α)) + CSg,
(12)
where α is a U(2) spin gauge field, and ψI are
U(2) fundamental Dirac fermions. The mass term
6m
∑2
I=1 ψ¯IψI is the tuning operator for the phase tran-
sition. At semi-classical regime |m|  1, the Dirac
fermion can be integrated out and we end up with
Leff = sgn(m)
4pi
Tr(αdα+
2
3
α3) + (2sgn(m) + 1)CSg
+
1
4pi
(A− Tr(α))d(A− Tr(α)). (13)
Depending the sign of m, one would either get a σxy =
1/3 state (m 1) or a σxy = −1 state (m −1). One
may worry that the above U(2)s gauge theory may not
describe the Abelian state. To work out its topological
order, we need to utilize the level-rank duality. Let
us explain it for the case of m  1. We start with
the level rank duality, U(N)s−K,−K ∼= SU(K)N (with
N = 2,K = 1):
1
4pi
Tr(αdα+
2
3
α3)− 1
2pi
BdTr(α) +
2
4pi
BdB + 2CSg
∼= Trivial. (14)
Next we implement S, T transformation S ?T−3 on the
above duality 2, yielding (a background term Adb has
been automatically added),
1
4pi
Tr(αdα+
2
3
α3) +
1
2pi
bd(A− Tr(α))− 1
4pi
bdb+ 2CSg
∼= − 3
4pi
bdb+
1
2pi
Adb. (15)
Integrating out the U(1) gauge field b in the first La-
grangian, we eventually end up with,
Leff = 1
4pi
Tr(αdα+
2
3
α3) + 3CSg
+
1
4pi
(A− Tr(α))d(A− Tr(α)), (16)
which is exactly Eq. (13) for m  1. Also the second
Lagrangian of the duality in Eq. (15) is the effective
theory of σxy = 1/3 state. Therefore, we have shown
that m 1 limit gives the σxy = 1/3 state. Similarly,
one can show m −1 gives the σxy = −1 state.
B. Generalization to U(N) gauge theories
We now consider a generalization of the previous dis-
cussion. We first fractionalize a particle,
c = ϕ1ϕ2 · · ·ϕkf1 · · · fn. (17)
Here ϕi, fi are fermionic partons, and k + n is odd
(even) if the original particle c is fermionic (bosonic).
2 T−3 corresponds to adding a level 3 background Chern-Simons
term − 3
4pi
BdB, and S corresponds to promoting background
field B to a dynamical gauge field b on the both side of dual-
ity [67].
We consider the transition between two states: 1)
σxy = 1/(k + n) state, for which both ϕi and fi are in
C = 1 bands; 2) σxy = 1/(k − n) state, for which ϕi
is in C = 1 bands while fi is in C = −1 bands. The
critical theory is,
L =
2∑
I=1
ψ¯I(i∂/+ α/−m)ψI − k
4pi
bdb+
1
2pi
bd(A− Trα).
(18)
Here α is a U(n) spin gauge field, ψI is in the U(n)
fundamental representation. b is a U(1) gauge field,
which comes from the ϕ partons (one can view ϕ1 · · ·ϕk
as a 1/k Laughlin state). If k = 1, one can integrate
out b yielding a similar form of Eq. (12). For k > 1,
one cannot integrate out b as it represents a topological
order. The tuning parameter of the transition is again
the mass term of the Dirac fermions, m
∑2
I=1 ψ¯IψI . At
semi-classical regime |m|  1, we can integrate out the
matter fields and the resulting theory is
Leff = sgn(m)[ 1
4pi
Tr(αdα+
2
3
α3) + nCSg]
− k
4pi
bdb+
1
2pi
bd(A− Trα).
(19)
Similar as before we can use the level-rank duality to
work out the topological order described by the above
theory. The U(n)s−1 theory is dual to a topologically
trivial theory [39]
1
4pi
Tr(αdα+
2
3
α3)− 1
2pi
Tr(α)dB ∼= − n
4pi
BdB − nCSg.
(20)
We then implement a transformation S ? T−k on both
sides of the duality, yielding
1
4pi
Tr(αdα+
2
3
α3) + nCSg − k
4pi
bdb+
1
2pi
bd(A− Trα)
∼= −n+ k
4pi
bdb+
1
2pi
bdA. (21)
The right hand side of Eq. (21) is exactly the
TQFT of σxy = 1/(n+ k) Abelian fractional quantum
Hall/Chern insulator state that appears when m 1.
The same analysis can also be implemented to the
m  −1 case, yielding the σxy = 1/(n − k) Abelian
fractional quantum Hall/Chern insulator state.
We remark that the above discussion carries over for
k = 0 with a slight modification that the gauge field
changes from U(N) to SU(N).
Similarly, we use another construction,
c = ϕϕ1ϕ2 · · ·ϕkf1 · · · fn. (22)
Here ϕ, ϕi, fi are all fermionic partons, and k+n is odd
(even) if the physical particle c is bosonic (fermionic).
We consider the transition between two states, namely
1) σxy = p/((k + n)p + 1) state: ϕ in a C = p band,
7ϕi and fi in C = 1 bands; 2) σ
xy = p/((k − n)p + 1)
state: ϕ in a C = p band, ϕi in C = 1 bands while fi
in C = −1 bands. The critical theory has again two
flavors of Dirac fermions, interacting with a U(n) spin
gauge field,
L =
2∑
I=1
ψ¯I(i∂/+ α/−m)ψI − k
4pi
bdb
+
1
2pi
bd(β − Trα) + p
4pi
(A− β)d(A− β) + pCSg.
(23)
Here α is a U(n) spin gauge field, ψI is in the U(n)
fundamental representation. b, β are U(1) gauge field
and spin gauge field, respectively. The first three terms
in Eq. (23) are similar to the critical theory Eq. (18).
In the third term we have a dynamical U(1) spin gauge
field β, which corresponds to the U(1) gauge symme-
try coming from the relative phase rotation between
ϕ and ϕ1ϕ2 · · ·ϕkf1 · · · fn in the parton construction
Eq. (22). Similar as before one can show that at semi-
classical regime |m|  1, the effective theory (after
applying the level-rank duality) is
Leff = − sgn(m)n+ k
4pi
bdb+
1
2pi
bda
+
p
4pi
(A− β)d(A− β) + pCSg,
(24)
which is exactly the effective theory of Abelian com-
posite fermion states with 1) σxy = p/((k + n)p + 1)
state when m 1; and 2) σxy = p/((k−n)p+1) state
when m −1.
IV. Parton Constructions for Non-Abelian
States
In the previous section we showed that a direct
phase transition between two FQHs/FCIs in differ-
ent Jain sequences [68] are necessarily described by a
QCD3-Chern-Simons theory. In the rest of this pa-
per we study phase transitions involving non-Abelian
FQHs/FCIs , i.e., states that have anyons with non-
Abelian statistics. We focus on non-Abelian states
that are close to the Moore-Read “Pfaffian” state [49],
including Pfaffian, anti-Pfaffian, PH-Pfaffian, bosonic
Pfaffian states, Ising topological order, etc. Some
of them might be realized in the half filled Landau
level [57–60] or frustrated spin systems [69]. The tran-
sitions involving these states can be naturally captured
by QCD3-Chern-Simons theories with different gauge
groups. For this purpose, we first discuss the parton
constructions for these states. Then in Sec. V, the
phase transitions will be analyzed.
A. USp(4) parton construction
Many of the non-Abelian topological orders we dis-
cuss below contain a USp(4)s spin gauge field in their
TQFT descriptions. In this subsection we will first
introduce a parton construction that has emergent
USp(4) gauge symmetry [51, 53]. This USp(4) parton
construction is similar to the familiar SU(2) parton
construction (~S = f†~σf), and it is compatible with a
global SO(3) spin rotation symmetry.
We consider a spin system (or equivalently a bosonic
system), and fractionalize the spin operator into
fermionic partons,
S− = Sx − iSy = (ψ1ψ4 − ψ3ψ2), (25)
which maximally has a local USp(4) gauge invariance,
with Ψ = (ψ1, ψ2, ψ4, ψ3)
T being a USp(4) vector
(fundamental). The local constraint is,
n1 = n4, n2 = n3, (26)
on each site. S− can be expressed as
S− =
1
2
ΨT
 0 0 1 00 0 0 1−1 0 0 0
0 −1 0 0
Ψ, (27)
which is invariant under a local USp(4) transformation
Ψ → LΨ. Note that the local Hilbert space has spin
S = 1 since (S−)2 6= 0 but (S−)3 = 0. The USp(4)
gauge invariance and the physical spin rotation sym-
metry can be easily seen by introducing a 4× 2 matrix
X,
X =

ψ†1 −ψ4
ψ†2 −ψ3
ψ†4 ψ1
ψ†3 ψ2
 , (28)
which satisfies a reality condition
X∗ = µ2Xσ2. (29)
Here µ2 and σ2 are Pauli matrices acting from left and
right, respectively:
µ2 =
0 0 −i 00 0 0 −ii 0 0 0
0 i 0 0
 , (30)
σ2 =
(
0 −i
i 0
)
. (31)
The physical spin operators can be expressed as
Si = −1
4
Tr(X†Xσi), (32)
8in which spin rotation symmetry acts on X from right
X → X(Us)†. (33)
It is also easy to see that the spin operator is invariant
under a USp(4) gauge transformation, acting from left,
X → LX. (34)
In general, any elements in U(4) leave spin operators
invariant, but the reality condition Eq.(29) requires L
lie in USp(4), namely LTµ2L = µ2. Eq.(29) on the
other hand does not impose further constraints on the
global spin rotation symmetry. Note that the global
symmetry SU(2) and the gauge group USp(4) share a
common center−1. Thus the physical global symmetry
is actually SU(2)/Z2 = SO(3).
This parton construction can also be understood in-
tuitively by noting that the maximal faithful symmetry
of four complex fermions ψi (i = 1, 2, 3, 4) is O(8). Af-
ter gauging a USp(4) ∼ SO(5) subgroup, an SO(3)
subgroup is left as the global spin rotation symmetry.
We also remark that, explicitly the parton construc-
tion is,
Sz =
1
2
(ψ†1ψ1 + ψ
†
2ψ2 − ψ3ψ†3 − ψ4ψ†4), (35)
S+ = Sx + iSy = −ψ†1ψ†4 + ψ†3ψ†2, (36)
S− = Sx − iSy = ψ1ψ4 − ψ3ψ2. (37)
It is straightforward to check that they satisfy the stan-
dard commutation relation
[Si, Sj ] = iεijkSk. (38)
B. Partons for Pfaffian-like states
Using similar results from level-rank duality, we are
able to find the parton construction of different non-
Abelian states, which are summarized in Table I. Some
of these constructions have been discussed in previous
papers [46, 48, 51, 53, 62].
1. Bosonic U(2)2 state
As discussed above, the bosonic U(2)2 topological
order can be realized in spin/bosonic systems. Without
loss of generality, we take the spin-1/2 system as an
example. We start with the standard SU(2) parton
construction
~S = f†~σf/2, (39)
where f† = (f†↑ , f
†
↓). This parton construction has
a local SU(2) gauge structure. The U(2)2 topologi-
cal order is realized by putting both f↑,↓ in C = 2
bands [48, 51]. After integrating out the partons, one
ends up with an SU(2)s−2 Chern-Simons theory
2
4pi
Tr[(α+
A
2
12)d(α+
A
2
12) +
2
3
(α+
A
2
12)
3] + 4CSg.
(40)
Here α is a spin SU(2) gauge field. A is the U(1) back-
ground field coupled to the global Sz spin rotation.
Using a level/rank duality SU(2)s−2 ∼= U(2)2,2, the de-
scription with normal gauge field can be obtained:
− 2
4pi
Tr(ada+
2
3
a3) +
1
2pi
Ad(Tra). (41)
Here a is a U(2) gauge field.
2. Ising topological order
The Ising topological order corresponds to the ν = 1
state in Kitaev’s 16-fold-way [69]. It can be realized
on a model of localized spin-1/2 particles on a honey-
comb lattice, with a designed spin interactions. The
TQFT description of Ising topological order in terms
of spin gauge fields and parton construction were de-
rived in detail in Ref. [46], here we briefly summarize
the results.
The Ising topological order is described by
U(2)2,−2 ∼= SU(2)2×U(1)−4Z2 , which was shown to be
equivalent to the following topological order
U(2)s−2,−2 × U(1)−4
Z2
(42)
with Lagrangian
LIsing = 2
4pi
Tr(χdχ+
2
3
χ3)+
1
2pi
adTrχ+
2
4pi
ada+4CSg,
(43)
where χ is a spin U(2) gauge field and a is a U(1)
gauge field. The parton construction is achieved by
fractionalizing the physical spin operator as
S− = φf1f2. (44)
This parton construction has a U(2) gauge invariance:
(f1, f2)
T is in the U(2) fundamental representation,
and it is interacting with a U(2) spin gauge field χ;
φ carries charge under the U(1) diagonal part of χ.
To get the Ising topological order, we put the bosonic
parton φ into a ν = − 12 Laughlin state, and put the
fermionic partons fi into a topological band with Chern
number C = 2. After integrating out the gapped par-
tons, we end up with the TQFT Eq. (43).
3. Bosonic Pfaffian state
The bosonic Pfaffian state is believed to be realized
by bosons in the first Landau level at filling factor ν =
9TABLE I: Summary of Parton Constructions of Pfaffian-like states. a
State κxy Gauge field Spin gauge field Parton
Ising topological order 1/2 U(2)2,−2
U(2)s−2,−2×U(1)−4
Z2
S+ = φ†f†1f
†
2
Bosonic U(2)2 state 5/2 U(2)2,2 SU(2)
s
−2 ~S = f
†~σf/2
Bosonic Pfaffian 3/2 SU(2)2 U(2)
s
−2,−2 ∼= USp(4)s−1 S− = (ψ1ψ4 − ψ3ψ2)
Wen’s (221)-parton state 5/2 U(2)2,4 U(2)
s
−2,−4 c = f1f2ψ
Pfaffian 3/2 Ising×U(1)8
Z2
U(2)s−2,−2×U(1)−8
Z2
× U(1)1 ∼= USp(4)
s
−1×U(1)−8
Z2
× U(1)1 c = 1√2 (ψ1ψ4 − ψ3ψ2)ψ
Anti-Pfaffian −1/2 U(2)−2,4 U(2)
s
2,2×U(1)8
Z2
c = f1f2ψ
PH-Pfaffian 1/2 Ising×U(1)8
Z2
USp(4)s1×U(1)4
Z2
×U(1)8
Z2
c = 1√
2
(ψ1ψ4 − ψ3ψ2)ψ
a When κxy is concerned in the literature of the ν = 5/2 quantum Hall state, an extra κxy = 2 from the filled first Landau level is
usually included.
1, and it can be understood as the p+ ip pairing state
of composite fermions [50, 52]. At long wavelength the
bosonic Pfaffian state can be described by a SU(2)2
Chern-Simons gauge theory [50],
− 2
4pi
Tr(bdb+
2
3
b3) +
1
4pi
BdB, (45)
in which b is a SU(2) gauge field, B is a background
probe field.
It is known that the bosonic Pfaffian state can also
be realized in a spin−1 system preserving the SO(3)
spin rotation symmetry, so sometimes it is also ref-
ered as a non-Abelian chiral spin liquid [70]. To con-
struct the bosonic Pfaffian state, we use Eq.(25) to frac-
tionalize the spin-1 operator into fermionic partons 3.
The bosonic Pfaffian state is realized by having ψi in
a C = 1 band [51, 53], yielding a USp(4)s−1 Chern-
Simons theory (β is a USp(4) spin gauge field),
1
4pi
Tr(βdβ +
2
3
β3) +
1
4pi
BdB + 4CSg, (46)
which is dual to SU(2)2 in Eq. (45) through the level-
rank duality. As a self-consistent check, one can find
that after integrating the USp(4) gauge field in the
above USp(4) theory has the same thermal Hall re-
sponse as of the bosonic Pfaffian (κxy = 3/2).
We can break the USp(4) gauge symmetry down
to a U(2) gauge symmetry, and the USp(4)s−1 Chern-
Simons theory will become the U(2)s−2,−2 theory. In-
terestingly, U(2)s−2,−2 is dual to USp(4)
s
−1 (similar to
SU(2)s−1 ∼= U(1)s−2)), hence this gives us an alterna-
tive way to describe bosonic Pfaffian as well as their
transitions.
3 For the bosonic system, one can simply replace spin operators
by bosonic annihilation/creation operators.
4. Pfaffian state
The fermionic Pfaffian state [49] is described by the
following TQFT [71]
Ising × U(1)8
Z2
∼= U(2)2,−2 × U(1)8
Z2
, (47)
with the Lagrangian [72]
Lpf =− 2
4pi
Tr(bdb+
2
3
b3) +
2
4pi
TrbdTrb
− 1
2pi
(Trb)dc− 1
4pi
cdc+
1
2pi
Adc. (48)
Here b is a U(2) gauge field, c is a U(1) gauge field. It is
shown in Appendix A that its dual TQFT description
in terms of spin gauge fields are
Lpf = 1
4pi
Tr(βdβ +
2
3
β3) +
1
4pi
ada
− 1
4pi
bdb+
1
2pi
(A+ a)db+ 4CSg,
(49)
in which β is a USp(4) spin gauge field and a, b are
both U(1) gauge fields. The chiral central charge of
the theory is − 52 − 1 + 1 + 4 = 32 (− 52 comes from
USp(4)−1 part, −1 + 1 comes from the two U(1) parts
and 4 comes from 4CSg), which is identical to that of
the Pfaffian state.
This TQFT motivates a parton construction for elec-
trons [51, 53]
c =
1√
2
(ψ1ψ4 − ψ3ψ2)ψ, (50)
which has a local USp(4)×U(1)Z2 gauge redundancy.
Roughly speaking, ψi (i = 1, 2, 3, 4) furnish a funda-
mental representation of USp(4) subgroup and we will
put them on C = 1 Chern bands. We also put ψ on
a C = 1 band. Besides the dynamical USp(4) spin
gauge field β, ψi’s also couple to
a
214, where a is a
U(1) gauge field which comes from the relative phase
10
rotation between (ψ1ψ4 − ψ3ψ2) and ψ. And ψ has
charge 1 under A, the external electromagnetic field.
Gauge invariance imposes a constraint on the density
of the partons:
n1 = n2 = n3 = n4 =
nψ
2
=
n
2
. (51)
Integrating out the fermions leads to
1
4pi
Tr
[
(β +
a
2
14)d(β +
a
2
14) +
2
3
(β +
a
2
14)
3
]
+
1
2pi
(a+A)db− 1
4pi
bdb+ 4CSg, (52)
in which the b field describes the ν = 1 integer Quan-
tum Hall state of ψ. We thus recover the TQFT of
fermionic Pfaffian state Eq. (49).
The fractional U(1) gauge charge of the ψi partons
looks ill-defined. Actually it reflects the fact that the
center element of USp(4) should be identified with pi
flux of the U(1) gauge symmetry, and the precise gauge
structure of Pfaffian state is
USp(4)s−1×U(1)−8
Z2
× U(1)1.
Detailed discussion is shown in Appendix A. One more
subtlety is that here an ordinary gauge field a, instead
of a spin gauge field, is coupled to a fermion ψ. From
the parton construction Eq. (50), one can see this field
couples to both a bosonic part, i.e. ∼ (ψ1ψ4 − ψ3ψ2),
and a fermionic part, i.e. ψ. These two viewpoints
differ by a local fermion, namely the physical electron,
which has no influence on the topological order in elec-
tronic systems. If we interpret the electromagnetic field
A as a spinc connection, the choice we adopt here can
be consistently put on a spinc manifold, since (a+A),
to which ψ couples, is a spinc connection.
5. Anti-Pfaffian state
The anti-Pfaffian state [55, 56] is described by
U(2)−2,4 ∼= SU(2)−2 × U(1)8
Z2
∼= 2
4pi
Tr(bdb+
2
3
b3)− 3
4pi
TrbdTrb+
1
2pi
TrbdA,
(53)
where b is a U(2) gauge field which is coupled to a
bosonic matter, A is the background electromagnetic
field. The dual spin gauge field description can be
found by the similar method as that described for Pfaf-
fian state and the result is (see Appendix A for details)
Lapf = − 2
4pi
Tr(χdχ+
2
3
χ3)− 3
4pi
cdc+
1
2pi
cd(Trχ+A)−4CSg,
(54)
which is roughly a U(2)s × U(1) theory. The chiral
central charge of the TQFT in Eq. (54) can then be
easily obtained: 52 + 1 − 4 = − 12 , consistent the Anti-
Pfaffian state.
This TQFT motivates a parton construction for
Anti-Pfaffian state [62],
c = f1f2ψ, (55)
where we enforce the emergent gauge symmetry is
SU(2)×U(1)
Z2
∼= U(2), and (f1, f2)T is a U(2) fundamen-
tal coupled to a dynamical U(2) spin gauge field χ,
while ψ is charged under the diagonal U(1) of the U(2)
gauge field. We put f1,2 in C = −2 bands and assume
ψ forms a ν = 13 Laughlin state. Integrating out the
fermion fields gives rise to Eq. (54).
6. PH-Pfaffian state
The PH-Pfaffian state [73] can be described by the
following Chern-Simons theory in terms of gauge field:
Ising × U(1)8
Z2
∼= U(2)−2,2 × U(1)8
Z2
, (56)
with Lagrangian
Lphpf = 2
4pi
Tr(bdb+
2
3
b3)− 2
4pi
TrbdTrb+
1
2pi
Trbdc
− 3
4pi
cdc− 1
2pi
Adc. (57)
The dual description in terms of spin gauge field is
Lphpf =− 1
4pi
Tr(βdβ +
2
3
β3)− 1
4pi
bdb− 1
2pi
bda
− 3
4pi
ada+
1
2pi
Ada− 4CSg (58)
where β is a USp(4) spin gauge field, b and a are U(1)
gauge fields. The duality is derived in Appendix A. We
can do a self-consistent check by examining the gravita-
tional response. Integrating out the gauge fields yields
a gravitational Chern Simons term 92CSg. Combined
with the last term in Eq. (58), the total gravitational
response is 12CSg, which is identical to that of the PH-
Pfaffian state. The parton construction is straightfor-
ward,
c =
1√
2
(ψ1ψ4 − ψ3ψ2)ψ. (59)
Similar to the case in Pfaffian state, this parton con-
struction also has a USp(4)
s×U(1)
Z2
local gauge redun-
dancy. We put ψi, i = 1, 2, 3, 4, which are in fundamen-
tal representation of USp(4) group and carry charge
1/2 under the U(1) gauge field b, in C = −1 bands.
The ψ parton, which carries charge 1 under both the
U(1) gauge field b and external electromagnetic field
A, forms a ν = 13 Laughlin state. After integrating
out the fermionic matters, one reproduces the TQFT
for PH-Pfaffian state, Eq. (58). A detailed analysis on
normalization conditions for gauge charge and gauge
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flux shows that this Lagrangian can be written as (see
Appendix. A)
USp(4)s1×U(1)4
Z2
× U(1)8
Z2
. (60)
7. Wen’s (221)-parton state
Wen’s (221)-parton state [48, 51] was recently pro-
posed as a candidate state of the half filled higher Lan-
dau levels of graphene [61]. Its parton construction
is
c = f1f2ψ (61)
where f1, f2 and ψ are all fermionic partons. Note that
the construction is the same as that for Anti-Pfaffian
state, Eq.(55), which has a U(2) ∼= SU(2) × U(1)/Z2
gauge redundancy. The U(2) doublet (f1 f2) is coupled
to a dynamical U(2)s gauge field χ while ψ is charged
under Trχ. We put (f1 f2) in C = 2 bands and ψ in
a C = 1 band. After integrating out the partons, one
ends up with an effective theory
L221 =
2
4pi
Tr(χdχ+
2
3
χ3)
+
1
4pi
(Trχ+A)d(Trχ+A) + 5CSg,
(62)
which is the U(2)s−2,−4 Chern-Simons theory.
V. Phase transitions from the Pfaffian-like states
Following the philosophy used in the discussion
about transitions between Abelian FCIs/FQHs in Sec-
tion III, we can also describe phase transitions involv-
ing these Pfaffian-like states. We summarize the key
ideas: (1) Phase transitions in general can be under-
stood as Chern number changing transitions of the un-
derlying parton insulators, which are mediated by |∆C|
Dirac cones. At the critical point, Nf = |∆C| flavors of
Dirac fermions interact with non-Abelian gauge fields.
(2) Naively only |∆C| = 1 transitions are generic with-
out fine tuning, however one can use symmetries, in
particular the magnetic translation symmetry, to en-
force |∆C| > 1 without fine-tuning. Specifically, we
can design an external magnetic field and electron den-
sity such that the partons see a fractional effective flux.
Thus higher Chern number changing transitions can be
protected by the magnetic algebra. We focus on those
transitions between the Pfaffian-like states and Abelian
states, which is more realistic in experimental settings.
A. Phase transitions out of the bosonic Pfaffian
We will first discuss phase transitions out of the
bosonic Pfaffian state. From this example it will be
clear about how to understand in general the phase
transitions involving other similar Pfaffian like states.
As we discussed above the bosonic Pfaffian state
can be constructed using the USp(4) parton construc-
tion, S− = (ψ1ψ4 −ψ3ψ2), with each fermionic parton
(ψ1,··· ,4) on a C = 1 Chern band. When the fermionic
partons have a different Chern number C, a state de-
scribed by the USp(4)s−C TQFT is realized. For exam-
ple, if C = 0 we have a topologically trivial Mott insu-
lator, while if C = −1 we have a time-reversal reversed
bosonic Pfaffian. The phase transitions between the
bosonic Pfaffian and these states is described by the
Chern number changing transitions of the fermionic
partons. Since the fermionic partons are coupled to a
USp(4) spin gauge field, the critical theory of the phase
transitions are
• Nf = |∆C| = |C − 1| flavor of Dirac fermions
coupled to a USp(4)s−(C+1)/2 Chern-Simons field.
It is worth noting that there is a level-rank dual-
ity between the USp(4)s−1 and U(2)
s
−2 Chern-Simons
theory. Therefore, the bosonic Pfaffian state can be
equivalently described by a U(2)s gauge theory. For
the U(2) parton construction, we can simply higgs the
USp(4)s gauge symmetry down to the U(2)s gauge
symmetry, for which (ψ1, ψ2) and (ψ4, ψ3) are the U(2)
fundamental and anti-fundamental, respectively. This
structure is manifest if one writes the spin operator in
matrix form
S− =
(
ψ4 ψ3
)(ψ1
ψ2
)
, (63)
and the U(2) gauge transformation is simply(
ψ1
ψ2
)
→W
(
ψ1
ψ2
)
,
(
ψ4
ψ3
)
→W ∗
(
ψ4
ψ3
)
, (64)
where W is an U(2) matrix in fundamental represen-
tation.
By assigning Chern number C1 and C2 to (ψ1, ψ2)
and (ψ4, ψ3)
4, we will get a state described by the
U(2)s−(C1+C2) Chern-Simons theory, whose Lagrangian
is
L =C1 + C2
4pi
Tr(αdα+
2
3
α3) +
1
2pi
C1 − C2
2
AdTr(α)
+
1
4pi
C1 + C2
2
AdA+ 2(C1 + C2) CSg. (65)
Here α is a U(2) spin gauge field and A is a probe field
coupled to the Sz spin rotation. To get the response
(i.e. Hall conductance σxy and thermal Hall conduc-
tance κxy) of the state, we can further integrating out
4 We remark that when C1 6= C2, the global SO(3) spin rotation
symmetry cannot be preserved.
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TABLE II: Transitions out of the bosonic Pfaffian can be described by the parton construction
S− = (ψ1ψ4 − ψ3ψ2).
Phase (ψ1, ψ2) (ψ4, ψ3) Topological order σ
xy κxy
Bosonic Pfaffian C1 = 1 C2 = 1 USp(4)
s
−1 ∼= U(2)s−2 ∼= SU(2)2 1 3/2
Mott insulator C1 = 0 C2 = 0 USp(4)
s
0 0 0
Reversed Bosonic Pfaffian C1 = −1 C2 = −1 USp(4)s1 ∼= U(2)s2 ∼= SU(2)−2 −1 −3/2
Mott insulator C1 = 0 C2 = 1 U(2)
s
−1 ∼= Trivial 0 0
Charge-2 superfluid C1 = −1 C2 = 1 U(2)s0
Bosonic integer quantum Hall (SPT) C1 = −2 C2 = 1 U(2)s1 ∼= Trivial 4 0
Reversed Bosonic Pfaffian stacked with SPT C1 = −3 C2 = 1 U(2)s2 ∼= SU(2)−2 3 −3/2
the U(2) gauge field α,
Lres = 1
4pi
2C1C2
C1 + C2
AdA+ [2(C1 + C2)
− 3(C1 + C2)
2 + |C1 + C2| − sgn(C1 + C2)]CSg.
(66)
It is worth noting that when C2 = −C1, the effec-
tive theory Eq. (65) reduces to C12piAdTr(α), which de-
scribes a superfluid with charge-2|C1| condensation 5.
The phase transitions between different states are
again described by the Chern number changing tran-
sitions of partons. However, we shall emphasize that
there is no (gauge or global) symmetry to relate C1
with C2, hence a direct phase transition can only have
C1 or C2 changing, with another one fixed. Table. II
summarizes several phases obtained by varying C1 with
C2 fixed. The phase transitions between the bosonic
Pfaffian and these states are described by the critical
theory:
• Nf = |∆C1| = |C1 − 1| flavor of Dirac fermions
coupled to a U(2)s−(C1+3)/2 Chern-Simons gauge
field.
One may note that there are two different critical
theories for the phase transition between the bosonic
Pfaffian and Mott insulator, 1) Nf = 1 flavor of Dirac
fermions coupled to a USp(4)s−1/2 Chern-Simons field;
2) Nf = 1 flavor of Dirac fermions coupled to a
U(2)s−3/2 Chern-Simons gauge field. Indeed these two
critical theories may be dual to each other as discussed
in Ref. [39, 42]. If this duality conjecture is correct, it
means that the second theory will have an emergent
SO(3) global symmetry rather than the naive U(1)
global symmetry.
5 Due to the absense of Chern-Simons therm, the U(2) gauge
field will confine, and the monopole of the diagonal U(1) field
Tr(α)/2 will condense. On the other hand, due to the mutual
Chern-Simons term C1
2pi
AdTr(α), the monopole will carry q =
2|C1| charge of the physical particle. Therefore, we end up
with a charge-2|C1| superfluid.
B. Phase transitions of other Pfaffian-like states
Similar to the previous example of the bosonic Pfaf-
fian, phase transitions out of other Pfaffian-like states
can be described by changing the Chern number of
partons. In Table.IV-VI we have listed the parton
states of various parton constructions for the afore-
mentioned Pfaffian-like states: U(2)2 bosonic state
(Table III), Ising topological order (Table IV), anti-
Pfaffian state (Table V), Wen’s (221)-parton state (Ta-
ble VI), Pfaffian state (Table VII), and PH-Pfaffian
state (Table VIII). Among all the parton states, we
would like to say a bit more about the topological su-
perconductors.
There are several ways to use partons to construct
topological superconductors, which include the f − if
superconductor in Table VI and the p − ip supercon-
ductor in Table VII. The f − if superconductor is con-
structed via the parton decomposition c = f1f2ψ, with
(f1, f2) on a C = −2 Chern band and ψ on a C = 1
Chern band. The effective theory of this parton con-
struction is a U(2)s Chern-Simons theory,
− 2
4pi
Tr(αdα+
2
3
α3)+
1
4pi
(−Trα+A)d(−Trα+A)−3CSg.
(67)
Here α is a U(2) spin gauge field, A is the probe field
(i.e. the electromagnetic field). To understand why
it describes a superconductor, we decompose the U(2)
gauge field into a SU(2) and a U(1) gauge field, α =
αSU(2) +
1
2 (Trα)12, so that the effective theory is
− 2
4pi
Tr[αSU(2)dαSU(2) +
2
3
α3SU(2)]−
1
2pi
(Trα)dA
+
1
4pi
AdA− 3CSg. (68)
Due to the absence of the Chern-Simons term of the
U(1) gauge field–Trα/2, the monopole of Trα/2 will
condense which confines the U(1) gauge field. On the
other hand, the monopole carries a q = 2 charge of
A (hence it is a Cooper pair), the condensation of it
will lead to a superconductor. Also we note that the
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TABLE III: Transition out of U(2)2 bosonic topological order can be described by the parton construction
S− = f1f2.
Phase (f1, f2) Topological order σ
xy κxy
U(2)2 C = 2 SU(2)
s
−2 ∼= U(2)2 1 5/2
Laughlin state C = 1 SU(2)s−1 ∼= U(1)2 1/2 1
Mott insulator C = 0 SU(2)s0 0 0
Laughlin state C = −1 SU(2)s1 ∼= U(1)−2 −1/2 −1
U(2)−2 C = −2 SU(2)s2 ∼= U(2)−2 −1 −5/2
TABLE IV: Transition out of Ising topological order can be described by the parton construction S− = f1f2φ.
Phase (f1, f2) φ Topological order σ
xy κxy
Ising topological order C = 2 ν = −1/2 U(2)2,−2 −1 1/2
Superfluid C = 1 ν = −1/2 Trivial
Mott insulator C = 0 ν = −1/2 Trivial 0 0
Laughlin state C = −1 ν = −1/2 U(1)−4 −1/4 −1
Non-Abelian state C = −2 ν = −1/2 U(2)
s
2,2×U(1)−12
Z2
−1/3 −5/2
gauge structure of the theory is U(2) = SU(2)×U(1)Z2 ,
the SU(2) gauge fundamental has to carry a charge of
the U(1) gauge field (hence it is a U(2) fundamental).
This means the confinement of the U(1) gauge field
will lead to the confinement of the SU(2) gauge field,
even though the latter has a non-trivial Chern-Simons
term. Indeed the U(2) fundamental (i.e. (f1, f2)) is the
vortex of the superconductor, and it has a non-Abelian
statistics captured by the SU(2)s Chern-Simons term.
Moreover, by integrating out αSU(2), we can find that
the superconductor has a thermal Hall conductance
κxy = −3/2, so it is a f − if superconductor. With
very similar analysis one can also construct a p − ip
superconductor with the parton construction shown in
Table VII.
Below we will briefly discuss the phase transitions of
all these Pfaffian-like states.
1. U(2)2 bosonic state
The parton decomposition S− = f1f2 can be used
to construct the U(2)2 bosonic state. This parton
construction has an emergent SU(2) gauge symme-
try, with (f1, f2)
T being a SU(2) fundamental. The
U(2)2 state is realized by putting (f1, f2) on a C = 2
Chern band, and by changing the Chern number C of
(f1, f2) we can obtain various states as summarized in
Table III. Their transitions are described by,
• Nf = |C − 2| flavor of Dirac fermions coupled to
a SU(2)s−(C+2)/2 Chern-Simons gauge field.
2. Ising topological order
The parton decomposition S− = f1f2φ can be used
to construct the Ising topological order. This parton
construction has an emergent U(2) ∼= SU(2)×U(1)Z2 gauge
symmetry, with (f1, f2)
T being a U(2) fundamental
and φ being charged under the diagonal U(1) of the
U(2) gauge field. The Ising topological order is real-
ized by putting (f1, f2) on a C = 2 Chern band, and
putting φ into a ν = −1/2 bosonic Laughlin state. By
changing the Chern number C of (f1, f2) we can ob-
tain various states as summarized in Table IV. The
phase transitions between the Ising topological order
and other states are described by a U(2)s gauge the-
ory,
L =
Nf=|C−2|∑
I=1
ψ¯I(i/∂ + /α)ψI +
1
4pi
C + 2
2
Tr(αdα+
2
3
α3)
+
2
4pi
bdb+
1
2pi
bd(A− Tr(α)). (69)
Here α is a U(2) spin gauge field, b is U(1) gauge field
which describes the ν = −1/2 Laughlin state of φ,
A is a U(1) background field. We omit the gravita-
tional Chern-Simons term as well as the mass of Dirac
fermions for convenience.
We also remark that some phase transitions can be
described by changing the state formed by φ. For ex-
ample, if φ forms a superfluid state, the corresponding
parton state is the U(2)2 bosonic state, hence its tran-
sition is a gauged version of the superfluid–ν = −1/2
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TABLE V: The transition out of anti-Pfaffian state can be described by the parton construction c = f1f2ψ.
Phase (f1, f2) ψ Topological order σ
xy κxy
anti-Pfaffian C = −2 ν = 1/3 Anti-Pfaffian 1/2 −1/2
Integer quantum Hall C = −1 ν = 1/3 Trivial 1 1
Mott insulator C = 0 ν = 1/3 Trivial 0 0
Laughlin state C = 1 ν = 1/3 U(1)5 1/5 1
Non-Abelian state C = 2 ν = 1/3 SU(2)2×U(1)16
Z2
1/4 5/2
TABLE VI: The transition out of Wen’s (221)-parton state can be described by the parton construction
c = f1f2ψ.
Phase (f1, f2) ψ Topological order σ
xy κxy
Wen’s (221)-parton state C = 2 ν = 1 U(2)s−2,−4 ∼= U(2)2,4 1/2 5/2
Laughlin state C = 1 ν = 1 U(2)s−1,−3 ∼= U(1)3 1/3 1
Mott insulator C = 0 ν = 1 U(2)s0,−2 ∼= Trivial 0 0
Integer quantum Hall C = −1 ν = 1 U(2)s1,−1 ∼= U(1)−1 −1 −1
f − if superconductor C = −2 ν = 1 U(2)s2,0 (confined) −3/2
Laughlin state transition [14, 15]6.
3. Anti-Pfaffian state
The parton decomposition c = f1f2ψ can be used to
construct the anti-Pfaffian state. Similar to the par-
ton construction for the Ising topological order, this
construction has an emergent U(2) gauge symmetry,
with (f1, f2)
T being a U(2) fundamental and ψ being
charged under the diagonal U(1) of the U(2) gauge
field. The anti-Pfaffian state is realized by putting
(f1, f2) on a C = −2 Chern band, meanwhile ψ is form-
ing a ν = 1/3 Laughlin state. By changing the Chern
number C of (f1, f2) we can obtain various states as
summarized in Table V. The phase transitions between
the anti-Pfaffian state and other partons states are de-
scribed by a U(2)s gauge theory,
L =
Nf=|C+2|∑
I=1
ψ¯I(i/∂ + /α)ψI +
1
4pi
C − 2
2
Tr(αdα+
2
3
α3)
− 3
4pi
bdb+
1
2pi
bd(A− Tr(α)). (70)
Here α is a U(2) spin gauge field, b is U(1) gauge field
which describes the ν = 1/3 Laughlin state of ψ, A is
6 In the composite fermion approach, this transition can be de-
scribed as the transition of topological superconductors formed
by composite fermion, whose critical theory is four Majorana
fermions coupled to a Z2 gauge field. With few lines of alge-
bra, one can show that the two different approaches are indeed
equivalent.
a U(1) probe field (i.e. the electromagnetic field).
4. Wen’s (221)-parton state
The parton decomposition c = f1f2ψ can also be
used to construct Wen’s (221)-parton state. The dif-
ference from the anti-Pfaffian state is that, here we
put (f1, f2) on a C = 2 Chern band, and ψ on a
C = 1 Chern band. By changing the Chern number
C of (f1, f2) we can obtain various states as summa-
rized in Table VI. The phase transitions between the
Wen’s (221)-parton state and other partons states are
described by a U(2)s gauge theory,
L =
Nf=|C−2|∑
I=1
ψ¯I(i/∂ + /α)ψI +
1
4pi
C + 2
2
Tr(αdα+
2
3
α3)
− 1
4pi
bdb+
1
2pi
bd(A− Tr(α)). (71)
Here α is a U(2) spin gauge field, b is U(1) gauge field
which describes the ν = 1 integer quantum Hall state
of ψ, A is a U(1) probe field (i.e. the electromagnetic
field).
Also one can change the Chern number of ψ instead
of (f1, f2). For example, if ψ realizes a C = −1 Chern
insulator, the parton state will be a f + if supercon-
ductor. The phase transition will then be described
by a QED3-Chern-Simons theory rather than a QCD3-
Chern-Simons theory.
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TABLE VII: The phase transition out of Pfaffian state can be described by the parton construction
c = (ψ1ψ4 − ψ3ψ2)ψ/
√
2.
Phase (ψ1, ψ2) (ψ4, ψ3) ψ Topological order σ
xy κxy
Pfaffian C1 = 1 C2 = 1 ν = 1 Pfaffian 1/2 3/2
Mott insulator C1 = 0 C2 = 0 ν = 1 Trivial 0 0
p− ip superconductor C1 = −1 C2 = −1 ν = 1 Confined −1/2
Mott insulator C1 = 0 C2 = 1 ν = 1 Trivial 0 0
Abelian state C1 = −1 C2 = 1 ν = 1 K =

0 2 0
2 0 1
0 1 1
 1 1
Abelian state C1 = −2 C2 = 1 ν = 1 K =
(
−4 1
1 1
)
4/5 0
Non-Abelian state C1 = −3 C2 = 1 ν = 1 SU(2)−2×U(1)−16Z2 × U(1)1 3/4 −3/2
TABLE VIII: The phase transition out of PH-Pfaffian state can be described by the parton construction
c = (ψ1ψ4 − ψ3ψ2)ψ/
√
2.
Phase (ψ1, ψ2) (ψ4, ψ3) ψ Topological order σ
xy κxy
PH-Pfaffian C1 = −1 C2 = −1 ν = 1/3 PH-Pfaffian 1/2 1/2
Mott insulator C1 = 0 C2 = 0 ν = 1/3 Trivial 0 0
Non-Abelian state C1 = 1 C2 = 1 ν = 1/3 Non-Abelian
a 1/4 3/2
Mott insulator C1 = 0 C2 = −1 ν = 1/3 Trivial 0 0
Abelian state C1 = 1 C2 = −1 ν = 1/3 K =

3 1 0
1 0 2
0 2 0
 1/3 1
Abelian state C1 = 2 C2 = −1 ν = 1/3 K =
(
4 1
1 3
)
4/11 2
non-Abelian state C1 = 3 C2 = −1 ν = 1/3 Non-Abelian b 3/8 7/2
a This Non-Abelian state is described by a Lagrangian L = 1
4pi
Tr(βdβ + 2
3
β3) + 4
4pi
bdb+ 1
2pi
ad(2b+A)− 3
4pi
ada+ 4CSg , with an
additional cocycle condition between the USp(4) spin gauge field β and U(1) gauge field b:
∮
(w2(β)/2 + db/2pi) ∈ Z.
b This Non-Abelian state is described by a Lagrangian L = 2
4pi
Tr(χdχ+ 2
3
χ3) + 4
2pi
Trχdb+ 4
4pi
bdb+ 1
2pi
ad(2b+A)− 3
4pi
ada+ 4CSg ,
with an additional cocycle condition between the U(2) spin gauge field χ and U(1) gauge field b:∮
(w2(χ)/2 + (1/2)(dTrχ)/(2pi) + db/2pi) ∈ Z.
5. Pfaffian state
The parton decomposition c = (ψ1ψ4 − ψ3ψ2)ψ/
√
2
can be used to construct the Pfaffian state. The max-
imal gauge symmetry of this parton construction is
USp(4)×U(1)
Z2
, and (ψ1, ψ2, ψ3, ψ4) is the bi-fundamental
of USp(4) and U(1), while ψ carries q = 2 charge of
U(1) but neutral under USp(4). The Pfaffian state is
realized by putting (ψ1, ψ2, ψ3, ψ4) in a C = 1 Chern
band, and ψ in a C = 1 Chern band as well. Due
to the USp(4)s-U(2)s duality, we can also higgs the
USp(4) down to U(2) without destroying the Pfaf-
fian state. In this case, the emergent gauge symme-
try is U(2)×U(1)Z2 . (ψ1, ψ2) and (ψ4, ψ3) are the U(2)
fundamental and anti-fundamental, respectively. Also
(ψ1, ψ2) and (ψ4, ψ3) carry unit charge of the U(1)
gauge field, and ψ carries q = 2 gauge charge of the
U(1) gauge field.
Table VII summarizes several parton states for dif-
ferent choices of Chern number C1 (of (ψ1, ψ2)) and
C2 (of (ψ4, ψ3)). If we keep the maximal
USp(4)×U(1)
Z2
gauge symmetry, we shall have C1 = C2 = C. This
structure can be used to describe phase transitions
from the Pfaffian to the Mott insulator or p− ip super-
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conductor. The critical theory is,
L =
Nf=|C−1|∑
I=1
ψ¯I(i/∂ + /α+ /b14)ψI +
2(C + 1)
4pi
bdb
+
1
4pi
C + 1
2
Tr(αdα+
2
3
α3)− 1
4pi
cdc+
1
2pi
cd(A− 2b).
(72)
Here α is a USp(4) spin gauge field, b is a U(1) gauge
field. c is a U(1) gauge field which describes the Chern
number 1 insulator of ψ, A is a U(1) probe field (i.e. the
electromagnetic field). Note that the ψi (i = 1, 2, 3, 4)
partons couple to an ordinary U(1) gauge field b, since
the ”fermionic core” of Wilson lines in half-integer spin
representations of USp(4) has already been taken into
account by α. We omit the gravitational Chern-Simons
term as well as the mass of Dirac fermions for conve-
nience.
We can also break the USp(4)×U(1)Z2 gauge symmetry
down to U(2)×U(1)Z2 . For this gauge structure, C1 and C2
has to be tuned independently (we consider the case of
tuning C1). It can be used to describe different phase
transitions from the ones discussed above. The critical
theory is,
L =
Nf=|C1−1|∑
I=1
ψ¯I(i/∂ + /χ+ /b12)ψI +
C1 + 3
4pi
bdb
+
1
4pi
C1 + 3
2
Tr(χdχ+
2
3
χ3) +
C1 − 1
4pi
(Trχ)db
− 1
4pi
cdc+
1
2pi
cd(A− 2b). (73)
Here χ is a U(2) spin gauge field, b is a U(1) gauge field.
c is a U(1) gauge field which describes the ν = 1 Chern
insulator of ψ, A is a U(1) probe field (i.e. the elec-
tromagnetic field). We omit the gravitational Chern-
Simons term as well as the mass of Dirac fermions for
convenience.
At last we remark that some phase transitions can be
described by changing the state formed by the parton
ψ. For example, if ψ forms a ν = −1 integer quan-
tum Hall state the parton construction will then yield
the p+ ip superconductor. The transition between the
p+ip superconductor and the Pfaffian is then described
by a QED3-Chern-Simons theory, namely Nf = 2
Dirac fermions coupled to a U(1) Chern-Simons field
(i.e. 2b). One can also use the composite fermion
approach to describe this phase transition, and it is
indeed equivalent to the QED3-Chern-Simons theory
described above. In constrast, the transition between
the p − ip superconductor and Pfaffian state can only
be described by the QCD3-Chern-Simons theory con-
structed by the USp(4) parton construction.
6. PH-Pfaffian state
Similar to the Pfaffian state, the PH-Pfaffian state
can also be constructed via the parton decomposition
c = (ψ1ψ4 − ψ3ψ2)ψ/
√
2. The PH-Pfaffian state is re-
alized by putting (ψ1, ψ2, ψ3, ψ4) in a C = −1 Chern
band, and ψ in a ν = 1/3 Laughlin state. The PH-
Pfaffian state is well captured by either the maximal
USp(4)×U(1)
Z2
or a smaller U(2)×U(1)Z2 gauge symmetry.
Table VIII summarizes various parton states of differ-
ent Chern number assignment to the fermionic partons.
The phase transitions between the PH-Pfaffian state
and other states are described by either the USp(4)×U(1)Z2
or U(2)×U(1)Z2 gauge depending on whether C1 and C2
are changing simultaneously or independently. The
USp(4)×U(1)
Z2
gauge theory is,
L =
Nf=|C+1|∑
I=1
ψ¯I(i/∂ + /α+ /b14)ψI +
2(C − 1)
4pi
bdb
+
1
4pi
C − 1
2
Tr(αdα+
2
3
α3)− 3
4pi
cdc+
1
2pi
cd(A− 2b).
(74)
Here α is a USp(4) spin gauge field, b is a U(1) gauge
field. c is a U(1) gauge field which describes the ν =
1/3 Laughlin state of ψ, A is a U(1) probe field (i.e.
the electromagnetic field).
The U(2)×U(1)Z2 critical theory is,
L =
Nf=|C1+1|∑
I=1
ψ¯I(i/∂ + /χ+ /b12)ψI +
C1 − 3
4pi
bdb
+
1
4pi
C1 − 3
2
Tr(χdχ+
2
3
χ3) +
C1 + 1
4pi
(Trχ)db
− 3
4pi
cdc+
1
2pi
cd(A− 2b). (75)
Here χ is a U(2) spin gauge field, b is a U(1) gauge
field. c is a U(1) gauge field which describes the ν = 1
Chern insulator of ψ, A is a U(1) probe field (i.e. the
electromagnetic field).
VI. Summary and discussion
We study a new universality class of phase tran-
sitions of FCIs/FQHs. These transitions have emer-
gent non-Abelian gauge fields coupled to Nf flavors
of Dirac fermions, hence are dubbed QCD3-Chern-
Simons theory. In contrast to the previous study
of the QED3-Chern-Simons theory [14], the transi-
tions we consider here are either 1) between Abelian
FCIs/FQHs in different Jain sequences, or 2) involv-
ing non-Abelian FCIs/FQHs. Specifically, we use the
non-Abelian parton construction to construct these
FCIs/FQHs, and the transitions between them are
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nothing but the Chern number changing transitions
of non-Abelian partons. In order to corretly charac-
terize the topological order from parton constructions,
we utilize the level-rank duality [39], and clarify its
meaning for the condensed matter application. For
the transitions involving non-Abelian states, we focus
on the Pfaffian-like states, but the generalization to
other more complicated non-Abelian states is straight-
forward. We shall also mention that the phase tran-
sitions discussed here and previously [14] are far from
a complete list. For example, a recent numerically ob-
served phase transition [74] falls beyond our study.
We remark that in this paper we only discuss effec-
tive theories of these phase transitions without delv-
ing into their dynamics (i.e. RG flow, critical expo-
nents, etc.). It is possible that when the Dirac fla-
vor Nf is small, the effective theory may not flow into
a nontrivial conformal fixed point (in other words it
will be weakly first order phase transitions). If this is
the case for certain theories, interesting critical phe-
nomenon can still appear at finite temperature due
to the proposed scenario of complex fixed point (also
dubbed pseudo-criticality ) [31, 75, 76]. We hope this
new proposed scenario will also motivate more experi-
mental study on these phase transitions.
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A. Duality between different Chern-Simons
theories
1. Pfaffian state
The fermionic Pfaffian state is described by the fol-
lowing TQFT [71]
Ising × U(1)8
Z2
∼ U(2)2,−2 × U(1)8
Z2
. (A1)
The Lagrangian is
L =− 2
4pi
Tr(b˜db˜+
2
3
b˜3) +
2
4pi
(Trb˜)d(Trb˜)
− 8
4pi
c˜dc˜+
2
2pi
Adc˜, (A2)
where b˜ is a U(2) gauge field, and c˜ is a U(1) gauge
field. b˜ and c˜ are not independent gauge field as one
needs to mod out their Z2 center. A is the background
electromagnetic field, and we need a factor 2 in the last
term to reproduce the correct filling fraction ν = 12
for the Pfaffian state. From high energy point of view,
since this theory Eq. (A2) (without modding out the Z2
center) is a non-spin TQFT due to the Chern-Simons
levels, we need this factor of 2 if we interpret A as a
background spinc connection.
The procedure of modding out Z2 center of b˜ and
c˜ can be done by gauging a Z2 one-form global sym-
metry. As discussed in Ref. [72], one can achieve this
by a change of variables to conventionally normalized
gauge fields, such that the Z2 one-form symmetry does
not act on them. First we note that if b˜ and c˜ are
independent fields, we should have∮ (
1
2
dTrb˜
2pi
+
w2(b˜)
2
)
∈ Z,
∮ (
dc˜
2pi
)
∈ Z. (A3)
The above two equations means nothing but that only
2pi flux of b˜ or c˜ is allowed. Next moding out the Z2
center of b˜ and c˜ means that: we allow pi flux of b˜ and
c˜ on a closed surface, but we need to identify them,∮ (
1
2
dTrb˜
2pi
+
w2(b˜)
2
)
∈ 1
2
Z,
∮ (
dc˜
2pi
)
∈ 1
2
Z, (A4)
∮ (
1
2
dTrb˜
2pi
+
w2(b˜)
2
− dc˜
2pi
)
∈ Z. (A5)
To solve above constraints, we can redefine gauge
fields,
b = b˜− c˜12, (A6)
c = 2c˜. (A7)
One can find that the constraints reduced to that only
2pi gauge flux of b and c is allowed.
In terms of these new variables the Lagrangian can
be written as
L =− 2
4pi
Tr(bdb+
2
3
b3) +
2
4pi
(Trb)d(Trb)
+
1
2pi
cd(A− Trb)− 1
4pi
cdc. (A8)
This is the Chern-Simons theory description for Pfaf-
fian state. Indeed we can integrate out the U(1) gauge
field c, yielding
L =− 2
4pi
Tr(bdb+
2
3
b3) +
3
4pi
(Trb)d(Trb)
− 1
2pi
AdTrb+
1
4pi
AdA+ CSg.
(A9)
This is nothing but the particle-hole conjugate of anti-
Pfaffian (U(2)−2,4).
Now we try to find a dual spin gauge field description
for the Pfaffian state. From our previous result Eq.(42)
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and USp(4)s − U(2)2 level-rank duality, the Pfaffian
topological order can be rewritten as
Pfaffian ∼=
USp(4)s−1×U(1)−4
Z2
× U(1)8
Z2
. (A10)
To construct a Lagrangian, we start from two decou-
pled theories, namely
USp(4)s−1×U(1)−4
Z2
and U(1)8, and
then implement the Z2 quotient. The Lagrangian for
USp(4)s−1×U(1)−4
Z2
× U(1)8 theory is
1
4pi
Tr(βdβ+
2
3
β3) +
4
4pi
a˜da˜− 8
4pi
b˜db˜+
2
2pi
Adb˜, (A11)
with a cocycle condition∮
(
w2(β)
2
+
da˜
2pi
) ∈ Z. (A12)
Here w2(β) ∈ H2(M,Z2) is the second Stiefel-Whitney
class of the USp(4)s bundle [77]. The overall Z2 quo-
tient on the denominator Eq.(A10) imposes a con-
straint on the normalization of the gauge fields∮ (
w2(β)
2
+
da˜
2pi
− db˜
2pi
)
∈ Z. (A13)
The above constraint should be solved by a change
of variables to conventionally normalized USp(4)
s×U(1)
Z2
and U(1) gauge fields, such that the Z2 one-form global
symmetry we try to gauge does not act on the new vari-
ables:
a =2(a˜− b˜),
b =2b˜.
(A14)
This change of variable is chosen to satisfy the two
following cocycle conditions:∮
(
w2(β)
2
+
1
2
da
2pi
) ∈ Z, (A15)∮
db
2pi
∈ Z. (A16)
These two conditions ensure that b is a good U(1)
gauge field and (β+ a214) is a good
USp(4)s×U(1)
Z2
gauge
field. In terms of these new variables the Lagrangian
becomes
1
4pi
Tr(βdβ +
2
3
β3) +
1
4pi
ada− 1
4pi
bdb+
1
2pi
(A+ a)db.
(A17)
Including the gravitational term arising, we can get the
spin gauge field description of the Pfaffian state in Eq.
(49). To see the topological order, ne can set b = c+ a
in which c is a conventionally normalized U(1) gauge
field,
Lpf = 1
4pi
Tr(βdβ+
2
3
β3)+
2
4pi
ada− 1
4pi
cdc+
1
2pi
(a+c)dA.
(A18)
Together with the constraint Eq. (A15), one can see the
gauge group is
USp(4)s−1×U(1)−8
Z2
×U(1)1 7 and the quasi-
particles in fundamental representation of the USp(4)
gauge group should carry charge 12 under a (or charge 1
under a/2), see Eq. (52). Our result is the same as that
in Ref. [71], which states that the Pfaffian topological
order can be described by (SU(2)2 × U(1)−8)/Z2 ×
U(1)1 Chern-Simons theory.
2. Anti-Pfaffian state
The topological order of Anti-Pfaffian state is known
to be described by a Chern-Simons gauge theory [71]
SU(2)−2 × U(1)8
Z2
. (A19)
Using the basic level/rank duality, it is straightforward
to see that a spin gauge field description for Anti-
Pfaffian topological order is
U(2)s2,2 × U(1)8
Z2
. (A20)
In order to get a concrete Lagrangian, we start from
two decoupled theories, namely U(2)s2,2 and U(1)8, and
then gauge a common Z2 one form symmetry [78].
The Lagrangian for U(2)s2,2 × U(1)8 theory is
− 2
4pi
Tr(χ˜dχ˜+
2
3
χ˜3)− 8
4pi
c˜dc˜+
2
2pi
c˜dA. (A21)
The Z2 quotient is now done by finding an appropriate
change of variables to conventionally normalized U(2)s
and U(1) gauge fields, such that the Z2 one form global
symmetry does not act on the new variables:
χ = χ˜− c˜12,
c = 2c˜.
(A22)
Physically, in both of the two decoupled theories there
is a line operator which generates a Z2 one form sym-
metry. One can combine the two lines, and the Z2
quotient procedure projects out all the lines which have
non-trivial braiding with this combined line. This line,
which has spin-1/2, is identified with physical electron.
Including the gravitational response term arising from
the level-rank duality, the Lagrangian of Anti-Pfaffian
state in terms of these new variables is
Lapf = − 2
4pi
Tr(χdχ+
2
3
χ3)− 3
4pi
cdc+
1
2pi
cd(Trχ+A)−4CSg,
(A23)
which is the Chern-Simons gauge theory in Eq.(54).
7 Here the U(1)−8 sector is 84pi (
a
2
)d(a
2
), since the elementary
gauge charge of a/2 is quantized as 1. The TQFT can be con-
sistently put on spinc manifold. However, the Lagrangian is
written in terms of a since it has conventional flux quantiza-
tion: the flux on any closed surfaces is 2pi integer.
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3. PH-Pfaffian state
The topological order of PH-Pfaffian state is de-
scribed by the following Chern-Simons gauge theory
[71]
Ising × U(1)8
Z2
. (A24)
From our previous result Eq.(42) and USp(4)s−U(2)2
level-rank duality, this topological order can be rewrit-
ten as
USp(4)s1×U(1)4
Z2
× U(1)8
Z2
. (A25)
To construct a Lagrangian, we start from three decou-
pled theories, namely USp(4)s1, U(1)4 and U(1)8, and
then gauge the two corresponding Z2 one form sym-
metries. The Lagrangian for USp(4)s1×U(1)4×U(1)8
theory is
− 1
4pi
Tr(βdβ+
2
3
β3)− 4
4pi
b˜db˜− 8
4pi
a˜da˜+
2
2pi
Ada˜. (A26)
The overall Z2 quotient in Eq.(A25) imposes a con-
straint on the normalization of gauge fields∮ (
w2(β)
2
+
db˜
2pi
− da˜
2pi
)
∈ Z, (A27)
where w2(β) ∈ H2(M,Z2) is the second Stiefel-
Whitney class of β, which could acquire a non-trivial
contribution from a twisted USp(4) gauge bundle. The
above constraint, which effectively changes the gauge
group to USp(4)
s×U(1)×U(1)
Z2
, should be solved by a
change of variables to conventionally normalized gauge
fields, such that this overall Z2 quotient does not act
on the new variables:
b =2(b˜− a˜),
a =2a˜.
(A28)
This change of variable is chosen to satisfy the two
following cocycle conditions imposed by the other Z2
quotient (on the numerator of Eq.(A25)):∮
(
w2(β)
2
+
1
2
db
2pi
) ∈ Z, (A29)∮
da
2pi
∈ Z. (A30)
These two conditions ensure that a is a good U(1)
gauge field and (β+ b214) is a good
USp(4)s×U(1)
Z2
gauge
field. In terms of the new variables, the Lagrangian of
PH-Pfaffian state is, after including the gravitational
response,
Lphpf =− 1
4pi
Tr(βdβ +
2
3
β3)− 1
4pi
bdb− 1
2pi
bda
− 3
4pi
ada+
1
2pi
Ada− 4CSg. (A31)
Hence we recover the TQFT description of PH-Pfaffian
state shown in Eq.(58). Note that the cocycle condi-
tion Eq. (A29) reminds us that the quasi-particles in
the fundamental representation of USp(4) should carry
charge 12 under b, see discussions around Eq. (59).
[1] K. v. Klitzing, G. Dorda, and M. Pepper, “New
method for high-accuracy determination of the fine-
structure constant based on quantized hall resistance,”
Phys. Rev. Lett. 45, 494–497 (1980).
[2] D. C. Tsui, H. L. Stormer, and A. C. Gossard, “Two-
dimensional magnetotransport in the extreme quan-
tum limit,” Phys. Rev. Lett. 48, 1559–1562 (1982).
[3] R. B. Laughlin, “Anomalous quantum hall effect: An
incompressible quantum fluid with fractionally charged
excitations,” Phys. Rev. Lett. 50, 1395–1398 (1983).
[4] Xiao-Gang Wen, Quantum field theory of many-body
systems: from the origin of sound to an origin of light
and electrons (Oxford University Press on Demand,
2004).
[5] Eduardo Fradkin, Field theories of condensed matter
physics (Cambridge University Press, 2013).
[6] Jainendra K Jain, SA Kivelson, and Nandini Trivedi,
“Scaling theory of the fractional quantum hall effect,”
Physical review letters 64, 1297 (1990).
[7] Steven Kivelson, Dung-Hai Lee, and Shou-Cheng
Zhang, “Global phase diagram in the quantum hall
effect,” Physical Review B 46, 2223 (1992).
[8] Xiao-Gang Wen and Yong-Shi Wu, “Transitions be-
tween the quantum hall states and insulators induced
by periodic potentials,” Physical review letters 70,
1501 (1993).
[9] Wei Chen, Matthew P. A. Fisher, and Yong-Shi Wu,
“Mott transition in an anyon gas,” Phys. Rev. B 48,
13749–13761 (1993).
[10] Jinwu Ye and Subir Sachdev, “Coulomb interactions
at quantum hall critical points of systems in a periodic
potential,” Phys. Rev. Lett. 80, 5409–5412 (1998).
[11] LA Ponomarenko, RV Gorbachev, GL Yu, DC Elias,
R Jalil, AA Patel, A Mishchenko, AS Mayorov,
CR Woods, JR Wallbank, et al., “Cloning of dirac
fermions in graphene superlattices,” Nature 497, 594
(2013).
[12] B Hunt, JD Sanchez-Yamagishi, AF Young,
M Yankowitz, Brian J LeRoy, K Watanabe,
T Taniguchi, Pilkyung Moon, M Koshino, P Jarillo-
Herrero, et al., “Massive dirac fermions and hofstadter
butterfly in a van der waals heterostructure,” Science
340, 1427–1430 (2013).
[13] Eric M Spanton, Alexander A Zibrov, Haoxin Zhou,
Takashi Taniguchi, Kenji Watanabe, Michael P Zale-
20
tel, and Andrea F Young, “Observation of fractional
chern insulators in a van der waals heterostructure,”
Science 360, 62–66 (2018).
[14] Jong Yeon Lee, Chong Wang, Michael P. Zaletel,
Ashvin Vishwanath, and Yin-Chen He, “Emergent
multi-flavor qed3 at the plateau transition between
fractional chern insulators: Applications to graphene
heterostructures,” Phys. Rev. X 8, 031015 (2018).
[15] Maissam Barkeshli and John McGreevy, “Continuous
transition between fractional quantum hall and super-
fluid states,” Phys. Rev. B 89, 235116 (2014).
[16] Yuan-Ming Lu and Dung-Hai Lee, “Quantum phase
transitions between bosonic symmetry-protected topo-
logical phases in two dimensions: Emergent qed3 and
anyon superfluid,” Phys. Rev. B 89, 195143 (2014).
[17] Tarun Grover and Ashvin Vishwanath, “Quantum
phase transition between integer quantum hall states
of bosons,” Phys. Rev. B 87, 045129 (2013).
[18] M. Barkeshli, N. Y. Yao, and C. R. Laumann, “Con-
tinuous preparation of a fractional chern insulator,”
Phys. Rev. Lett. 115, 026802 (2015).
[19] Jainendra K Jain, “Composite-fermion approach for
the fractional quantum hall effect,” Physical review
letters 63, 199 (1989).
[20] T Senthil, Dam Thanh Son, Chong Wang, and
Cenke Xu, “Duality between (2+ 1) d quantum critical
points,” Physics Reports (2019).
[21] M. B. Hastings, “Dirac structure, rvb, and goldstone
modes in the kagome´ antiferromagnet,” Phys. Rev. B
63, 014413 (2000).
[22] Michael Hermele, T. Senthil, and Matthew P. A.
Fisher, “Algebraic spin liquid as the mother of many
competing orders,” Phys. Rev. B 72, 104404 (2005).
[23] Ying Ran, Michael Hermele, Patrick A. Lee, and
Xiao-Gang Wen, “Projected-wave-function study of
the spin-1/2 heisenberg model on the kagome´ lattice,”
Phys. Rev. Lett. 98, 117205 (2007).
[24] Yin-Chen He, Michael P. Zaletel, Masaki Oshikawa,
and Frank Pollmann, “Signatures of dirac cones in a
dmrg study of the kagome heisenberg model,” Phys.
Rev. X 7, 031020 (2017).
[25] Yasir Iqbal, Wen-Jun Hu, Ronny Thomale, Didier Poil-
blanc, and Federico Becca, “Spin liquid nature in the
Heisenberg J1-J2 triangular antiferromagnet,” Phys.
Rev. B 93, 144411 (2016).
[26] Xue-Yang Song, Chong Wang, Ashvin Vishwanath,
and Yin-Chen He, “Unifying description of competing
orders in two-dimensional quantum magnets,” Nature
Communications 10, 4254 (2019), arXiv:1811.11186
[cond-mat.str-el].
[27] W. Rantner and X.-G. Wen, “Spin correlations in the
algebraic spin liquid: Implications for high-Tc super-
conductors,” Phys. Rev. B 66, 144501 (2002), cond-
mat/0201521.
[28] T. Senthil, Ashvin Vishwanath, Leon Balents, Subir
Sachdev, and Matthew P. A. Fisher, “Deconfined
quantum critical points,” Science 303, 1490 (2004).
[29] T. Senthil, Leon Balents, Subir Sachdev, Ashvin Vish-
wanath, and Matthew P. A. Fisher, “Quantum crit-
icality beyond the landau-ginzburg-wilson paradigm,”
Phys. Rev. B 70, 144407 (2004).
[30] Olexei I. Motrunich and Ashvin Vishwanath, “Emer-
gent photons and transitions in the O(3) sigma model
with hedgehog suppression,” Phys. Rev. B 70, 075104
(2004).
[31] Chong Wang, Adam Nahum, Max A Metlitski, Cenke
Xu, and T Senthil, “Deconfined quantum critical
points: symmetries and dualities,” Physical Review X
7, 031051 (2017).
[32] Tarun Grover, “Entanglement monotonicity and the
stability of gauge theories in three spacetime dimen-
sions,” Phys. Rev. Lett. 112, 151601 (2014).
[33] Jens Braun, Holger Gies, Lukas Janssen, and Dietrich
Roscher, “Phase structure of many-flavor qed3,” Phys.
Rev. D 90, 036002 (2014).
[34] Lorenzo Di Pietro, Zohar Komargodski, Itamar
Shamir, and Emmanuel Stamou, “Quantum electrody-
namics in d= 3 from the ε expansion,” Physical Review
Letters 116, 131601 (2016).
[35] Lorenzo Di Pietro and Emmanuel Stamou, “Scaling
dimensions in qed 3 from the ε-expansion,” Journal of
High Energy Physics 2017, 54 (2017).
[36] Nikhil Karthik and Rajamani Narayanan, “Scale in-
variance of parity-invariant three-dimensional qed,”
Physical Review D 94, 065026 (2016).
[37] E. Dyer, M. Mezei, and S. S. Pufu, “Monopole Taxon-
omy in Three-Dimensional Conformal Field Theories,”
ArXiv e-prints (2013), arXiv:1309.1160 [hep-th].
[38] Nikhil Karthik and Rajamani Narayanan, “Numerical
determination of monopole scaling dimension in parity-
invariant three-dimensional noncompact QED,” Phys.
Rev. D 100, 054514 (2019), arXiv:1908.05500 [hep-lat].
[39] Po-Shen Hsin and Nathan Seiberg, “Level/rank dual-
ity and chern-simons-matter theories,” Journal of High
Energy Physics 2016, 95 (2016).
[40] Ofer Aharony, Guy Gur-Ari, and Ran Yacoby, “d = 3
bosonic vector models coupled to Chern-Simons gauge
theories,” Journal of High Energy Physics 2012, 37
(2012), arXiv:1110.4382 [hep-th].
[41] Simone Giombi, Shiraz Minwalla, Shiroman Prakash,
Sandip P. Trivedi, Spenta R. Wadia, and Xi Yin,
“Chern-Simons theory with vector fermion mat-
ter,” European Physical Journal C 72, 2112 (2012),
arXiv:1110.4386 [hep-th].
[42] Ofer Aharony, Francesco Benini, Po-Shen Hsin, and
Nathan Seiberg, “Chern-Simons-matter dualities with
SO and USp gauge groups,” Journal of High En-
ergy Physics 2017, 72 (2017), arXiv:1611.07874 [cond-
mat.str-el].
[43] Ofer Aharony, “Baryons, monopoles and dualities in
Chern-Simons-matter theories,” Journal of High En-
ergy Physics 2016, 93 (2016), arXiv:1512.00161 [hep-
th].
[44] Djordje Radicˇevic´, David Tong, and Carl Turner,
“Non-abelian 3D bosonization and quantum Hall
states,” Journal of High Energy Physics 2016, 67
(2016), arXiv:1608.04732 [hep-th].
[45] Aaron Hui, Eun-Ah Kim, and Michael Mulligan,
“Non-Abelian bosonization and modular transforma-
tion approach to superuniversality,” arXiv e-prints
, arXiv:1712.04942 (2017), arXiv:1712.04942 [cond-
mat.str-el].
[46] Liujun Zou and Yin-Chen He, “Field-induced QCD3-
Chern-Simons quantum criticalities in Kitaev ma-
terials,” arXiv e-prints , arXiv:1809.09091 (2018),
arXiv:1809.09091 [cond-mat.str-el].
[47] Rhine Samajdar, Mathias S. Scheurer, Shubhayu
Chatterjee, Haoyu Guo, Cenke Xu, and Subir
21
Sachdev, “Enhanced thermal Hall effect in the square-
lattice Ne´el state,” arXiv e-prints , arXiv:1903.01992
(2019), arXiv:1903.01992 [cond-mat.str-el].
[48] Xiao-Gang Wen, “Non-abelian statistics in the frac-
tional quantum hall states,” Physical review letters 66,
802 (1991).
[49] Gregory Moore and Nicholas Read, “Nonabelions in
the fractional quantum hall effect,” Nuclear Physics B
360, 362–396 (1991).
[50] E Fradkin, C Nayak, and K Schoutens, “Landau-
ginzburg theories for non-abelian quantum hall states,”
Nuclear Physics B 546, 711–730 (1999).
[51] Xiao-Gang Wen, “Projective construction of non-
abelian quantum hall liquids,” Physical Review B 60,
8827 (1999).
[52] Nicholas Read and Dmitry Green, “Paired states of
fermions in two dimensions with breaking of parity and
time-reversal symmetries and the fractional quantum
hall effect,” Physical Review B 61, 10267 (2000).
[53] Maissam Barkeshli and Xiao-Gang Wen, “Effec-
tive field theory and projective construction for Zk
parafermion fractional quantum hall states,” Phys.
Rev. B 81, 155302 (2010).
[54] Hart Goldman, Ramanjit Sohal, and Eduardo Frad-
kin, “Landau-Ginzburg theories of non-Abelian quan-
tum Hall states from non-Abelian bosonization,” Phys.
Rev. B 100, 115111 (2019), arXiv:1906.00983 [cond-
mat.str-el].
[55] Sung-Sik Lee, Shinsei Ryu, Chetan Nayak, and
Matthew P. A. Fisher, “Particle-hole symmetry and
the ν = 5
2
quantum hall state,” Phys. Rev. Lett. 99,
236807 (2007).
[56] Michael Levin, Bertrand I. Halperin, and Bernd
Rosenow, “Particle-hole symmetry and the pfaffian
state,” Phys. Rev. Lett. 99, 236806 (2007).
[57] R Willett, JP Eisenstein, HL Sto¨rmer, DC Tsui,
AC Gossard, and JH English, “Observation of an
even-denominator quantum number in the fractional
quantum hall effect,” Physical review letters 59, 1776
(1987).
[58] M Dolev, M Heiblum, V Umansky, Ady Stern, and
D Mahalu, “Observation of a quarter of an electron
charge at the ν= 5/2 quantum hall state,” Nature 452,
829 (2008).
[59] Mitali Banerjee, Moty Heiblum, Vladimir Umansky,
Dima E Feldman, Yuval Oreg, and Ady Stern, “Obser-
vation of half-integer thermal hall conductance,” Na-
ture 559, 205 (2018).
[60] AA Zibrov, EM Spanton, H Zhou, C Kometter,
T Taniguchi, K Watanabe, and AF Young, “Even-
denominator fractional quantum hall states at an
isospin transition in monolayer graphene,” Nature
Physics 14, 930 (2018).
[61] Youngwook Kim, Ajit C Balram, Takashi Taniguchi,
Kenji Watanabe, Jainendra K Jain, and Jurgen H
Smet, “Even denominator fractional quantum hall
states in higher landau levels of graphene,” Nature
Physics 15, 154–158 (2019).
[62] Ajit C Balram, Maissam Barkeshli, and Mark S Rud-
ner, “Parton construction of a wave function in the
anti-pfaffian phase,” Physical Review B 98, 035127
(2018).
[63] V Kalmeyer and RB Laughlin, “Equivalence of the
resonating-valence-bond and fractional quantum hall
states,” Physical Review Letters 59, 2095 (1987).
[64] Alexander G Abanov and Andrey Gromov, “Elec-
tromagnetic and gravitational responses of two-
dimensional noninteracting electrons in a background
magnetic field,” Physical Review B 90, 014435 (2014).
[65] Andrey Gromov, Gil Young Cho, Yizhi You, Alexan-
der G Abanov, and Eduardo Fradkin, “Framing
anomaly in the effective theory of the fractional quan-
tum hall effect,” Physical review letters 114, 016805
(2015).
[66] Gregory Moore and Nathan Seiberg, “Taming the con-
formal zoo,” Physics Letters B 220, 422–430 (1989).
[67] Nathan Seiberg, T Senthil, Chong Wang, and Edward
Witten, “A duality web in 2+ 1 dimensions and con-
densed matter physics,” Annals of Physics 374, 395–
433 (2016).
[68] Zyun Francis Ezawa, Quantum Hall Effects: Field The-
oretical Approach and Related Topics Second Edition
(World Scientific Publishing Company, 2008).
[69] Alexei Kitaev, “Anyons in an exactly solved model and
beyond,” Annals of Physics 321, 2–111 (2006).
[70] Martin Greiter and Ronny Thomale, “Non-abelian
statistics in a quantum antiferromagnet,” Physical re-
view letters 102, 207203 (2009).
[71] Biao Lian and Juven Wang, “Theory of the disordered
ν= 5 2 quantum thermal hall state: Emergent symme-
try and phase diagram,” Physical Review B 97, 165124
(2018).
[72] Nathan Seiberg and Edward Witten, “Gapped bound-
ary phases of topological insulators via weak coupling,”
Progress of Theoretical and Experimental Physics
2016 (2016).
[73] Lukasz Fidkowski, Xie Chen, and Ashvin Vishwanath,
“Non-abelian topological order on the surface of a
3d topological superconductor from an exactly solved
model,” Phys. Rev. X 3, 041016 (2013).
[74] Leon Schoonderwoerd, Frank Pollmann, and Gun-
nar Mo¨ller, “Interaction-driven plateau transition be-
tween integer and fractional Chern Insulators,” arXiv
e-prints , arXiv:1908.00988 (2019), arXiv:1908.00988
[cond-mat.str-el].
[75] Victor Gorbenko, Slava Rychkov, and Bernardo Zan,
“Walking, weak first-order transitions, and complex
CFTs,” Journal of High Energy Physics 2018, 108
(2018), arXiv:1807.11512 [hep-th].
[76] Victor Gorbenko, Slava Rychkov, and Bernardo Zan,
“Walking, Weak first-order transitions, and Complex
CFTs II. Two-dimensional Potts model at Q&gt;4,”
SciPost Physics 5, 050 (2018), arXiv:1808.04380 [hep-
th].
[77] Mikio Nakahara, Geometry, topology and physics
(CRC Press, 2003).
[78] Davide Gaiotto, Anton Kapustin, Nathan Seiberg,
and Brian Willett, “Generalized global symmetries,”
Journal of High Energy Physics 2015, 172 (2015).
